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Abstract 

In this paper, we study an exactly solvable model of IIB superstring in a time- 
dependent plane-wave backgound with a constant self-dual Ramond-Ramond 5-form field 
strength and a linear dilaton in the light-like direction. This background keeps sixteen 
supersymmetries. In the light-cone gauge, the action is described by the two-dimensional 
free bosons and fermions with time-dependent masses. The model could be canonically 
quantized and its Hamiltonian is time- dependent with vanishing zero-point energy. The 
spectrum of the excitations is symmetric between the bosonic and fermionic sector. The 
string mode creation turns out to be very small. 



* Email: 
t Email: 

* Email: 



bchen01@pku.edu.cn 

ylhe@pku.edu.cn 

pzhang@itp.ac.cn 



1 Introduction 



The study of string theory in the time-dependent backgrounds has attracted much at- 
tention in the past decade. Similar to quantum field theory in the curved spacetime, 
string theory in the time-dependent backgrounds shares the same unclear subtle issues 
such as the choice of vacuum, string creation et al. Not mentioning a second-quantized 
version, even a perturbative description of string theory in a time-dependent background 
is in general out of control. Nevertheless, the issue is essential for us to understand the 
fundamental problems in quantum gravity. One central problem in quantum gravity is 
the resolution of the cosmic singularity. People have been expecting that the big-bang 
singularity could be resolved in string theory, namely the cosmological singularity should 
not exist in string theory. Unlike the usual orbifold or conifold singularity, the big-bang 
singularity is space-like and its resolution requires the knowledge of string theory in a 
time-dependent background. 

In the past few years, there appeared a few remarkable models to address the issue. 
One class of such models is the time-dependent orbifolds PUEI- These models are solvable 
and keep part of supersymmetries. Unfortunately it turns out that the null orbifold 
background is unstable due to the large blueshift effect E] and the perturbative string 
theory in many time-dependent orbifolds breaks down E] • The a' correction and g s 
correction play important roles near the singularity. Nevertheless, the recent development 
shows that the twisted states condensation may induce an RG-flow from null orbifold 
to the usual spatial orbifold [7]. Another class of solvable time-dependent models is 
the rolling tachyon, which shows the features such as tachyon condensation, unusual 
open/close string duality jH]. Very recently, several new ideas have been proposed. In 
|Hj , the authors argued that there is a closed string tachyon condensation phase replacing 
the cosmological singularity. In this case, the perturbative string amplitudes are self- 
consistently truncated to the small coupling region such that they are finite, indicating a 
resolution of the singularity. 

Another interesting idea is so called matrix big bang. In it has been proposed that 
in a linear null dilaton background it is the matrix degrees of freedom rather than the point 
particles or the perturbative strings that describe the physics near the big-bang singularity 
correctly. Some related discussions can be found in [TTJ [T2J [T5J [TJ] , see also [13 CHI- The 
linear null dilaton background is different from the usual linear (spatial) dilaton. One 
obvious difference is that the latter one always leads to a noncritical string theory, while 
the former one does not modify the central charge or the dimension of the original theory. 
The common feature of two backgrounds is that due to the linearity of the dilaton, the 
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string coupling becomes very strong in some region where the perturbative string theory is 
not valid. In the linear spatial dilaton case, one can add a tachyon background (Liouville 
wall) to suppress the contribution coming from the strong coupling region in the path 
integral such that the perturbative theory is well-defined ^7]. Due to the existence of the 
Liouville wall, the incoming wave is reflected and becomes outgoing. Among the theories 
with Liouville field, the 2D noncritical string theory with a time direction and a Liouville 
direction is of particular interest (See nice reviews [18J). It has a dual description by 
matrix model, which is exactly solvable. Actually, matrix model describes the dynamics 
of the DO-particles in 2D string theory [TH]. This impressive relation between 2D string 
theory and matrix model is an illuminating manifestation of the open/closed duality. The 
story is a little different in the linear null dilaton case. It seems that one does not have 
a tachyon field to make the perturbative string theory well-defined. Instead, with the 
similar spirit leading to BFSS matrix model|3H|; a matrix model has been proposed to 
describe the physics in the strong coupling region JU]. Similarly, the matrix degrees of 
freedom are identified with the open string degrees of freedoms between the partons. 

Inspired by the recent interest in the linear null dilaton background, we will study 
an exactly solvable string model in a plane-wave background in the presence of self- 
dual Ramond-Ramond(RR) 5-form field strength and a linear dilaton in the light-cone 
direction. The study of string theory in a plane-wave background has a long history. It 
is remarkable that [20J the plane-fronted waves are not only the solutions of the effective 
supergravity but even the exact solutions of the string theory. Furthermore in [2H E2] the 
IIB superstring in the plane-wave background with a constant self-dual Ramond-Ramond 
field strength and a constant dilaton is quantized in the lightcone gauge. This leads to 
the famous PP-wave/SYM correspondence [21] • Later on, a time-dependent plane-wave 
string model was studied in 25\. 

In this paper we consider the type IIB Green-Schwarz superstring in the following 
time-dependent background with Ramond-Ramond flux: 

ds 2 = —2dx + dx~ — \{x + ) x] dx + dx + + dx 1 dx 1 , 

= 0(x+) , (F 5 ) +1234 = (F 5 )+5678 = 2f. (1.1) 

The world-sheet conformal invariance requires 

R, v = -2D^+^(F 2 ), U . (1.2) 

The only nonzero component of the Ricci curvature tensor R^ v with respect to the metric 
in (jl.lj) is -R++ = 8A(x + ). Inserting (jl.lj) into the conformal invariance condition (jl.2|) . 
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we get the relation 
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(1.3) 



From now on we restrict the dilaton to be linear in the light-cone time coordinate x + } i.e. 
cf) = —cx + with c being a constant, then we have 



In general, / could be an arbitrary function of x + and there is a large class of the models. 
These models could be studied in the lightcone gauge. For a generic /, it is difficult to 
solve the model analytically. However, there are two special cases: 

• One is that A is a constant. This happens when / = foe~^ with f being constant 



and the metric in the string frame reduces to the form of the maximally supersym- 
metric plane wave |23j . Actually string theory in this background is very similar to 
the one in the maximally supersymmetric case. The bosonic and fermionic action, 
the quantization and the spectrum are all the same. However, the vertex operators 
and the perturbative amplitudes are different due to the existence of the linear dila- 
ton. It could be expected that the perturbative string theory is not well-defined in 
the strong coupling region and an alternative description, say the matrix degrees of 
freedom, is needed. 

• The other special case is when the self-dual RR field strength / = fo is constant. 
This is the case we will pay most of our attention to in this paper. In this case, the 
perturbative string theory is still exactly solvable. We manage to quantize both the 
bosonic and fermionic sectors of string theory in the light-cone gauge. It turns out 
that the Hamiltonian is time-dependent and the zero-point energy cancels between 
the bosonic and fermionic sectors. And the spectrum of the bosonic and fermionic 
excitations is symmetric. Similarly the string coupling is very strong near the big 
bang singularity. 

Note that without loss of generality the coefficient c in the dilaton can be set to any 
value by rescaling the coordinates x + ,x~ and the RR field strength / properly. In the 
following sections when we solve this model in the light-cone gauge, we will set c = -^-^ 
for simplicity. In this case, c is positive and indicates that the strong string coupling 
region is near x + — > — oo. 



A = / 2 e 



2-2cx+ 




so that 



A = / 2 
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The paper is organized as follows. In section 2, we investigate some properties of the 
background: its symmetry algebra, the geodesic incompleteness, supersymmetries and its 
description in Rosen coordinates. In section 3, we study the quantization of the bosonic 
sector. In section 4, we turn to the fermionic sector, which needs more techniques. In 
section 5, we discuss the quantum string mode creation. We end the paper with the 
conclusion and some discussions. 

2 Some Properties of the Background 

Let us start from the metric in (jl.lj) and discuss some properties of the background. 
2.1 Symmetry Algebra of the background 

We are interested in the symmetry algebra of the background, which is encoded in the 
complete set of Killing vectors preserving the background 1)1.1)1 . It is manifest that the 
background is invariant under translation in the x~ direction, and the corresponding 
Killing vector is 



which generates a M-subgroup of the total isometry group. But unlike the maximally 
symmetric case in j2H|, the translation invariance in the x + direction is broken by the 
nontrivially x + -dependent dilaton. Although the metric does not possess 50(8) symmetry 
due to the presence of RR five- form flux, the background is invariant under two SO (4) 's, 
which act on x l and x a directions separately. We denote the corresponding generators by 
Jij and J a b with i, j running from 1 to 4 and a, b from 5 to 8, 



If we change these two SO (4) 's, the solution is still invariant. So we get a Z 2 symmetry, 



It is evident that the translations along x 1 = {x l , x a } do not leave the solution in- 
variant. However, if we shift x~ appropriately at the same time, we find new symmetric 
translations with the generators 




Jab = x a db — Xbd, 



(2.2) 



{x*} < — > {x a }. 



(2.3) 



Li = adi + (d + a) x/cL , 



(2.4) 
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with a(x + ) satisfying 

d 2 + a + \a = 0. (2.5) 
Since f|2.5|) is a 2-order equation, we get two sets of generators denoted by Lj, Lj. 

1. In the case A = fo , we have 

Li = cos(f x + )di - fo sin(/ a; + )x/9_ , 

L 7 = sin(/o£ + )<9/ + f cos(f x + )xid- • (2.6) 

2. In the case A = /q e~ 2cr+ , we get 

L 7 = y e~ cx+ ^j di + f e' cx+ Y 1 e~ cx+ ^j Xl d_ . (2.7) 

It is straightforward to write down the non- vanishing commutators as follows : 

[Li, Lj) =1 T5u, 

[Jij, Lk] = LiSjk — LjSik , 

[Jij, Lk] = Li5jk — LjSik , 

[Jij, Jkl] = Jil^jk + Jjk&il — Jik^jl — Jjk^il , (2.8) 



where 



fo, when A = / 2 



7 =<( + (2.9) 

-— , whenA = /o e 2cx ■ 

Here we have used the identity J (z)Yi(z) — Jx(z)Y (z) = — — to get the first commu- 
tator in the second case and for simplicity we have defined Jij = {Jij, Jab}- From the 
commutators above, we can see Lj, Lj and T form the Heisenberg-type algebra h(S) 
with h being replaced by 7. Therefore in both cases the continuous symmetry algebra is 
[so(4) © so(4)] © s h(8). Here © s means semi-direct sum. So the background (jl.lj) admits 
a symmetry algebra of dimension twenty-nine. 

Another way to check the symmetry algebra is to work in the Einstein frame and 
figure out the Killing vectors which keep the RR background invariant. Following the 
discussion in , it is straightforward to find that the Killing vector corresponding to 
the translational invariance along x + does not exist, which indicates the absence of the 
supernumerary supersymmetries. In fact, the Killing symmetries discussed above are the 
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complete set preserving the background. It is not hard to check that our background is 
inhomogeneous . 

With the above Killing vectors, there are a few physical implications. Firstly one 
may define the conserved quantities with the Killing vectors. For instance, the conserved 
quantity corresponding to the translational invariance Killing vector T is the lightcone 
momentum. On the other hand, the absence of the Killing vector d + indicates that the 
lightcone Hamiltonian is not conserved. Actually we will show that the Hamiltonian in 
our background is time-dependent. Another implication is that due to the existence of 
the null Killing vector T, there is no particle or string creation in our background [30J. 



2.2 Geodesies and Tidal force 

In this subsection we discuss some geometric features of our background according to the 
general method of |26j . Using the metric in our background (jl.lj) . we can obtain the 
non- vanishing components of the Christoffel connection 

r; + = -cXxj , r-j = r T ++ = \ Xl . (2.10) 

It is easy to get the nonzero components of the Riemann tensor 

Ri+i+ = A . (2.11) 

In our background the geodesic equation 

d 2 x^ „ u dx a dx fS 

+ r«-- = o (2.12) 



can be rewritten as 



da 2 af3 da da 



d 2 x + 

~da 2 ~~ ' 

d 2 x~ dx + dx 1 2 dx + dx + 

——r- + 2\xi— - CAXf— — = , 

da z da da da da 

d oc . diOc djOc , . 

-— + \xj—- — = 0, 2.13 
da z da da 

where a is an affine parameter. 

The general solution of the first equation in ()2.13j) is 

x + = x^a + xf , (2.14) 

where Xq and xf are constants. If Xq = 0, we get 

x + = xf, x~ = Xq a + xj", x 1 = XqCJ + x[ , (2-15) 
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with xq and x\ being constants. These geodesies are as in flat space. If x^ 7^ 0, for 
simplicity we write x + = a, which is equivalent to rescale a and shift its origin. It is easy 
to check that the curve 

x + = a, x~=0, x J = 0, (2.16) 

is a geodesic. Using the translation to the curve ()2.16|) . we can obtain a new family of 
null geodesies. Here £ is the Killing field associated with ()2.4|) and ^ = (0, x 7 <9 + a, £ J ) 
with £ 7 = a defined in (12.5)1 . These new geodesies are 

x+ = a, x'^-^d+b, x T = e- (2.17) 

The distance separating the geodesies ()2.16j) and ()2.17|) along any surface x + = constant 
is given by |£| = ^l^i^l- Since x + is an affine parameter for this family of geodesies, 
it is meaningful to speak of the relative velocity <9+£ J and acceleration d\^ T of these 
geodesies. Note that these relative accelerations measure gravitational tidal forces. If the 
geodesies are infinitesimally separated, the tidal force is given by certain components of 
the Riemann tensor: 

die = -Ri Pl et a t^ (2.18) 

where t a is the tangent vector to the geodesic. In our case, ()2.18|) takes the form 

d\ a = -A a, (2.19) 

which is just the equation ()2.5|) and A characterizes the strength of the tidal force. We 
can see that as x + — > —00, the tidal force becomes divergent in the case with constant 
RR field strength. And since A is positive, the tidal force is always attractive. 

The above discussions are in the string frame. Due to the existence of the linear null 
dilaton, the test particle or string will interact with the dilaton, which drives the test 
particle away from the geodesies above. It is better to work in the Einstein frame. Things 
become more subtle then. In the Einstein frame, the metric in our background (jl.lj) can 
be written as 

ds% = e-Us 2 str .. (2.20) 
The non-vanishing components of the corresponding Christoffel connection are 



' r +/ — \xj , Tjj — , 

Ki = i- ( 2 - 21 ) 





c 




= 2 ' 




5 


r; + 


= — 1 




4 


T 1 

1 ++ 


= Xxi 
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and the nonzero components of the Riemann tensor take the form 

R1+1+ = ^ + A • (2.22) 
lb 

It's easy to see that the Einstein metric has a singularity at x + — > —00 since some of 
metric components go to zero. Actually such a singularity occurs at the finite geodesic 
distance, which indicates the spacetime is geodesically incomplete. Let us focus on the 
lines x 1 = 0,x~ = constant, which are geodesies, and consider the geodesic equation for 

x + 

which gives 

e §z + (^) = constant. (2.24) 
da 

Hence the affine parameter is 

a = e^ x+ (2.25) 

up to an affine transformation. Therefore the singularity x + — > — 00 corresponds to a = 
and it has finite affine distance to all points in the interior. In terms of the affine parameter 
a, the metric could be rewritten as 

ds\ = — dadx~ — a~ 5 x^da 2 + adx] (2.26) 

and the nonvanishing components of the corresponding Riemann tensor are 

1 (2f\ 2 1 



R °-^ + \-7) V*> (2 ' 27) 

which shows a curvature singularity at o = and gives a divergent tidal force felt by an 
inertial observer. 

In short, our background (jl.lj) is geodesically incomplete and hence singular from the 
standpoint of general relativity. This background is analogue to those with a cosmological 
singularity. Near the singularity, the test particle experiences divergent gravitational tidal 
force, while for the string the string interaction becomes extremely strong and the string 
feels divergent tidal force. One needs a nonperturbative description of the string theory 
near the cosmological singularity. 
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2.3 Supersymmetries of the background 

Now let's check that half of the maximally space-time supersymmetry has been broken 
in our background. To this end, we need to know how many independent Killing spinors 
the background (jl.lj) supports. The gravitino and dilatino variations should vanish for 
independent Killing spinors, i.e. 

5 e X A = (p)i e B = 0, S e rf = (V,) A e B = , (2.28) 

where /i = +,— ,1,...,8 and A = 1,2 . The dilatinos \ A , gravitinos ip A , and Killing 
spinors e A are all ten dimensional Weyl-Majorana fermions of positive chirality, so they 
carry a lOd spinor index, a = 1, 2, . . . , 32, additionally, e.g. e A etc. (for our notations and 
conventions about spinors see Appendix A). In the string frame, the generalized covariant 
derivative V and for our background are [23 EHj 

= ^1^0, (2.29) 

fa)* = 5 A d, + (Sl,) A B i (2-30) 

with 

(n M )S = ^ + 8^1 r " MF -^ r >^ > ( 2 - 31 ) 

where o<i is the Pauli matrix, u vp is the spin connection and the hatted indices are used 
for the tangent space. Since <fi = <p(x + ) , the dilatino variation imposes the constraint 

T + e A = 0, A = 1,2. (2.32) 

Therefore at most the background (jl.lj) admits 16 supersymmetries. Now let's consider 
the gravitino variations. In order to work out the spin connection uj^f, we choose the 
vierbeins ef, as follows 

el = eZ = l,e i j = 6 i j, e~ = l -\x] , (2.33) 

It is easy to get the only non- vanishing components of u^f are 

u^^Xx 1 . (2.34) 

In general the Gamma matrices with respect to the coordinate, say V 1 , T^, and those 
with respect to the vierbein, say T^, T^, are not the same things. They are related by 
p/j _ rA e /f anc l = T^e^. In our background we have 

r 7 = r f , r 
r/ = r f , r 



r\ r + = r + + -Ax?r-, 
r~, r~ = r- - l\x 2 T r+. 



(2.35) 
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Now we will consider the Killing spinor equation coming from gravitino variation 

(1-^ + ^)^ = 0, (2.36) 

with 

= , 

nj = ^/r + (n + n')r J( 7 2 , 

n + = -^Ax J r +/ i + ^/r + (n + n')r +( 7 2 , (2.37) 

where IT = T 1234 = r 1 r 2 r 3 r 4 and n' = T 5678 = r 5 r 6 r 7 r 8 . Taking and (r+) 2 = 

into account, we note that the fM — —,I components of ()2.36|) are simply 

<9_ e A = , dj e A = . (2.38) 

Therefore e A is x~ and a^-independent. The \i = + component of the Killing spinor 
equation ()2.36|) takes the form 

(l-d + + te^fUa 2 ) A e B = , (2.39) 

where we have used the facts Ue A = U'e A and r+r+e" 4 = 2e A due to T + e A = 0. The 
equation ()2.39|) can be written as 

d+e 1 + e< t> flle 2 = 0, 

d+e 2 -e^fUe 1 = . (2.40) 

1. In the case of / = /oe"^, the equation ()2.4()|) becomes 

9 +e 1 + / ne 2 = 0, 

9 + e 2 -/ ne J = 0. (2.41) 
The corresponding solutions are 

e 1 = Xo cos(/ x + ) + n^o sin(/ x + ) , 

e 2 = -xo cos(/ x + ) + U Xo sin(/ x + ) ; (2.42) 

2. In the case of / = /o, the solutions of equation (|2.4()jl are given by 

i Joe . Joe 

e = xo cos h llxo sin 



c c 
2 ~ „„„ Joe ^ Joe 



e = Xo cos n% sin . (2.43) 
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Here xo and xo are arbitrary constant lOd Majorana-Weyl spinors of positive chirality and 
satisfy ()2.32j) . Therefore the background preserves 16 supersymmetries. In fact, the 
above discussion does not depend on the explicit form of the A and /, so any supergravity 
solutions satisfying (jl.4j) keep half of the original supersymmetries. 

2.4 Asymptotic behavior in Rosen coordinates 

The background (J1.1J) with linear null dilaton and constant RR five-form flux seems to 
support very smooth geometry. Using the metric in (jl.lj) . we get the only non- vanishing 
component of the Ricci tensor is -R++ = 8A. In the case with constant RR field strength, 
A = /q e~ 2cx+ . When x + goes from — oo to +00 , A decreases from +00 to zero . Taking 
the x + as light-cone time, the evolution is to start from the big bang region in the past 
and reach the flat space in the infinite future. In the other case with constant A, the 
evolution is from a big bang singular point to the plane-wave spacetime in the light-cone 
future. Similar to the case studied in ^0] , we have a big-bang singularity in the Einstein 
frame. 

To see it clearly, it is better to transform to Rosen coordinates. ^From Brinkmann 
coordinates x~ , x 1 ) to Rosen coordinates (x + , x~ , x 1 ) , we change the coordinates 
in the following way 



and thus is conformally flat. In the case with constant RR field strength, the solution of 
the equation ()2.5|) is 



where J and Y are standard Bessel and Neumann functions ; C\ and C2 are constants. 
The diverse values of (C^Cy can be thought of different conformal embeddings of the 
plane wave into Minkowski spacetime. Since Jo and Yq are both oscillating functions, a 
oscillates with time. 

Using the asymptotic expansion of Bessel functions as z — > +00 , 



2 

with a is defined in (|2.5jl . Now the metric takes the form 

ds 2 = —2dx + dx~ + a 2 (x + )dx I dx 1 



(2.44) 



(2.45) 




(2.46) 




(2.47) 
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we can see that as x + — > —oo , — e cx+ — > oo , 



y »^ 5 ' + Vl s ' n (T e "° + )- - 

a(x+) -> , (2.48) 

which corresponds to the big bang singularity in the Brinkmann coordinates. Considering 
the asymptotic expansion of Bessel functions as z — > , 

- ^(TTw© %0(2 " +2, • 

F (z) ~ -ln^ , (2.49) 

7T Z 

we get as x + — > +oo , ^ e~ cx+ — > , 

J ~ 1 , F ~ -(In — - cx + ) , 

7T C 

a(x + ) ~ d + C 2 f In ^ - cx + ^) . (2.50) 

In order to recover the flat space limit, we set C\ — \ and Ci — 0. Thus 

a(x+) = J (^ e ~" + ) • (2-51) 

Therefore, in the Rosen coordinate, the metric in the string frame looks like the Friedman- 
Rob er sen- Walker metric but now the scale factor oscillates with the light-cone time. 



3 Bosonic sector 

It is well-known that the plane-wave backgrounds are the exact solutions to the string 
theory if they solve the supergravity equations jSHE2H201- In other words, the plane- wave 
background is exact against the a' correction. And in [20] it has been shown that the 
light-cone gauge can be implemented for the string theory in a plane-wave background. 
This has been generalized to the string theory in a plane-wave background with RR field 
strength in • in this and the next sections we will solve the first-quantized type 

IIB free superstring model in the background (jl.lj) with linear null dilaton and constant 
RR five-form flux. In the light-cone gauge the Green-Schwarz action is quadratic in the 



12 



transverse bosonic and fermionic coordinates for the plane wave metric with any function 
X(x + ) , so we can explicitly write down the classical solutions, perform the canonical 
quantization and find the the light-cone Hamiltonian in terms of creation and annihilation 
operators. 

First we will study the bosonic sector of the model. The bosonic part of the GS action 
in the background (jl-H) is 

S B = J d % a^gg ah G ilv d a x^d h x v 

= -— !— I d 2 aV=g g ab (-2 d a x + d b x~ - A xjd a x + d b x + + daX^bX 1 ) . (3.1) 
4iia J 

First we choose the world-sheet metric as 

^ - ( - 1 ; ) . (3. 2 ) 

To fix the residual worldsheet gauge symmetries, we note the equation of motion for x + 
is (d 2 — d%)x + = , which has a general solution of the form f(r + a) + g{r — a) . We 
choose f(x) = g(x) = \a'p + x , then 

x+ = a'p + r , p + > . (3.3) 

The conditions (j3.2j) and ()3.3|) completely fix the world-sheet gauge symmetries of the 
bosonic action ()3.1|) . This is the well-known light-cone gauge. After imposing these gauge 
choices, x~ is not a dynamical variable either, which is completely determined by x 1 
through the constraints resulting from 

^ = 0,^ = ^ = 0. (3.4) 
5g Ta 5g TT bg™ 

In the light-cone gauge these constrains become 

d a x~ = —j—drX^vX 1 , 
a'p + 

d T x~ = — — -(d^drX 1 + d^do-x 1 — Xx 2 t) . (3.5) 
2 a p + 

Without loss of generality, we set c = in the following. Then the bosonic action in 
the light-cone gauge takes the form 

S B = -r^— I dr [ da (d^drX 1 - d^d^x 1 - /V 2T ac?) , (3.6) 
47ra' J J Q 
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where for simplicity we have defined / = a'p + fo which is dimensionless. 

Obviously, in the case with / = /o e_9 \ the action is exactly the same as that of 
the maximally supersymmetric plane-wave. Therefore the equations of motion and the 
canonical quantization are also the same. We will not repeat it here. However one should 
keep in mind that the dilaton is linear null rather than a constant and the string coupling 
could be very strong and the perturbative string theory is ill-defined in the strong coupling 
region, just like the case studied in JU]. In the remaining part of this section, we will 
focus on the case with constant RR field strength. 



3.1 Equations of motion and modes expansion 

It is easy to get the equations of motions from ()3.6|) 

(dl-dl + pe-^x 1 = 0. (3.7) 

Expanding in Fourier modes in a , we get an infinite collection of oscillators with time- 
dependent frequencies. The general solution is given by 

/— oo 
| E W r) eina - Ti « (r) e " m<T ] ' (3 - 8) 

71=1 * 

with 

4{t) = J^fe-^x'-^a'Yoife-^p 1 , 
T n( T ) = Z n (r)o4 - Z_ n (r)ai n , 

(~\— in 
f - I r(l + m) J m (fe~ T )- (3-9) 

Notice that Z_ n (r) = Z*{r) and Tf n (r) = T^(t) due to the facts T*(l + in) = T(l - in) 

and J* n (fe- T ) = J-in(fe- T ). 

To consider the asymptotic behavior, we need use the asymptotic expansion of the 
Bessel functions as z — > in (|2.49|) . We can see that as r — ► +oo , 

x t (t) ~ x 7 + a'(r-ln-)p 7 , 

Z n (r) ~ e~ mT . (3.10) 

We come to the flat-space theory just as expected. Note that in our case the asymptotic 
flatness behavior is also shared by the zero modes, which is different from the paper [23] . 
Requiring that x 1 are real functions implies that 

(^)t = «i n , = & (3.11) 
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The canonical momenta II 7 and the total momentum carried by the string are 

IL 1 = -^8^ , Po ~= / daU 1 = - t d T xl. (3.12) 
To quantize the theory, we need to impose the canonical commutation relations 

[x 7 (t,(7), n J (r,a')] = % S IJ 8(a - a') , (3.13) 

with the other commutators vanishing. These commutators are ensured by requiring the 
following commutators for the modes 

[x 1 , p J ] = i 5 IJ , [ai, a J 2] = 5 IJ 5 nm , [a 7 , a^} = 5 IJ 5 nm . 

^From this we can also get 

i5 IJ . 



y (T), po( t ) 



Note that in these calculations we have used the formulae 



T(l + in)T(l -in) 



sinh nir 



J v {z).T_ v {z)-3_ v {z)3' v {z) 



2 sin z/7T 



(3.14) 



(3.15) 



(3.16) 



3.2 Light-cone Hamiltonian 

According to (|3.6|) , the bosonic part of the light-cone Hamiltonian of our model is 

»2tt 



da(d T x I d T x ! + do-x 1 daX 1 + f 2 e 2t x]) . 



(3.17) 



47TO! /2 p H j 

Inserting the mode expansion of x 1 in terms of creation and annihilation operators, we 
obtain 

1 oo 

H B = M + — T ^[nf(r)(«X + ^ + l) 

n=l 

-C*(t) aiai - Cf (t) a^a'J ] , (3.18) 



with 



H B0 (t) 



2p^ 



U) 2 + f^~ 2T ( ^ 



I\ 2 ' 



fifM = -\d T Z n \ 2 + n 1 + 



2„-2r 



/ 2 e 



?7 



rr 



Cf(r) = I(9 r Z n ) 2 + nfl + £^ I (Z n 



n 



(3.19) 
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Now let's see how the functions fi^(r) and C„(t) behave at infinite r . Taking into 
account the asymptotic expansion of Bessel functions (|2.49jl , we obtain that as r — > +00, 



, C(r) 



+ 0(e" 



(3.20) 



where C^(r) is completely suppressed. We get the result just as in the flat space. On the 
other hand, when r goes to —00 , we come to the strongly coupled region with 



2 cosh nn ~ 
—r-r /e , 

Sinh 

1-2in 



(3.2i; 



where we have used (|2.47j) . Now ^(t) and C^(r) are of the same order. 

It is evident that the Hamiltonian ()3.18|) is non-diagonal. The treatment of the zero- 
mode part is the standard way used in point-particle quantization,see . The non-zero 
mode part has non-diagonal terms proportional to C^(t) and C^*(t) . The evolution 
of generic states made out of a} n , is thus non-trivial. In the following we will find a 
new set of modes to make the Hamiltonian diagonal. Now let us introduce a new set of 
time-dependent string modes , which are defined by 



[ZnOtl - Z*aL n ] 



[d T Z n a J n - d r Z* n a{ n ] = \/|wn 



e-^AUr) -e ,w " T ii„ (r) 



-AlM + e^AUr 



(3.22) 



where 

oj n = \J n 2 + f 2 e~ 2r , n > ; uj- n = —\jn 2 + f 2 e~ 2r , n < , 
with similar relations A\ = A_ n and A\ = A_ n . It follows then 

= ^/ n (r) + 5i n5 ;(r) , A${t) = a T _ n f*(r) + a T n g n {r) 



(3.23) 



(3.24) 



where 



/n(r) 




2 V n 

n 



-^n H d T Z r , 



~Z n H d T Z n 



(3.25) 
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After some calculations using the commutation relations (j3.14j) and the properties (j3.16j) 
of the Bessel functions, we obtain the non-vanishing commutators: 



i.i 



[A n j A J J] — 5 nm 5 IJ , [A n , A J 2\ — 5 nm 5 



In terms of these new operators, the mode expansion of x / (r, a) takes the form 



x 1 ^, a) = x* q (t) +iJ —^2 



71=1 



e -iu n r l A i^ e mo + A I n ( T ) e 



-e^(AUT)e-™ + AUT)e* 



and the bosonic Hamiltonian is 



(3.26) 



(3.27) 



H B = H bo (t) + J2^(r) [aLMA^t) + i 7 _ n (r)^(r) + 1 
ap + 



n=l 



(3.28) 



which is diagonal. The bosonic Hamiltonian reminisces the 2-d field theory of free scalars 
with time-dependent masses. 

One may formally define the time-dependent vacuum by 



A n \0,r) = 0, i£|0,r) = 0, n>0 



(3.29) 



and the excitation spectrum can be obtained straightforwardly. The spectrum is also 
time-dependent. 



3.3 Classical evolution of a rotating string 

To shed some light on the dynamics of the strings in our background, let us consider the 
behavior of the classical solutions. As an simple example, we focus on the rotating string. 

First recall that in flat space, a rigid string rotating in a plane is described by a state 
on the leading Regge trajectory with maximal momentum for a given energy. In the 
light-cone gauge, the corresponding solution is 

x = a p t , x = a p t , L = 2a p p , 
x = x 1 +ix 2 = Le~ iT cosa , (3.30) 

where x l and x 2 are Cartesian coordinates of the transverse 2-plane. Here we have the 
standard leading Regge trajectory relation 

- 2 a'p + p~ = a'{E - p 2 ) = 2 J , (3.31) 
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with p y representing the momentum in the transverse directions and J standing for the 
corresponding angular momentum. 

Now let us turn to our time-dependent background (jl.ljl . In the case with constant 
A, the analogue of the rotating string solution is given by 



+ / + 

x = a p t , 



x = x 1 + ix 2 = Le'^cosa , (3.32) 



with uj = a/1 + (ct'p + fo) and x~ determined by the constraints (|3.4|) . After some calcu- 
lations, we get the light-cone Hamiltonian 

L 2 

H = -p + =p~ = — — uj 2 , (3.33) 
4 a u p + 

and the angular momentum associated with rotations in the transverse space 

1 f 2n L 2 

J = / da(x x x % - x V) = uo . (3.34) 

2na' J K J 2a' K J 

Combining ()3.33|) and ()3.34|) . we find the direct analogue of the flat-space Regge trajectory 
relation: 

-2a'p + p- =u-2J, (3.35) 

with the "effective tension" T = ^7 which is still time- independent. Just as expected, 
this result is similar to the maximally super symmetric case. 

In the case with constant RR field strength, the analogue of the rotating string solution 
takes the form 

x + = a'p + r , 
x = x 1 + ix 2 = L Zi (r) cos a , (3.36) 

and x~ is again determined by the constraints ()3.4j) and thus evolves with time in a non- 
trivial way. Z\{t) is defined in (|3.9j) . It is easy to check that as r — > +00 , we recover 
the flat space result ()3.30|) . In general, it describes a rotating string with effective length 
L e ff = LZ\{r) which oscillates with time and rapidly shrinks to zero as r — ► — 00 . 
Inserting ()3.3fi|) into the Hamiltonian ()3.fi|) , we can get the light-cone energy 

L_ 2 

4 a' V 

The angular momentum associated with rotations in the transverse space is 



H = -P+ = P~ = M • (3.37) 



J=-ii. (3.38) 
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Combining ()3.33j) and ()3.38|) , it is interesting to note that we find 



- 2 a'p + p~ — Of (r) J , (3.39) 

which is analogous to the standard leading Regge trajectory relation (j3.31|) but with an 
"effective tension" function T = • |Of (r) . At r — ► +00 , we have Qf — > 2 . Thus we 
reach the flat space limit. As we go back in time, the energy of this state rapidly grows 
until it diverges as r — > —00. 

4 Fermionic sector 

For a general plane-wave background the light-cone gauge Green-Schwarz action comes 
from [22 123 12H1 123 

S F = -2^7 f d 2 a(V=99 ab 5AB - e ab a 3AB ) d a x» e A T^D b 6) B . (4.1) 

Here <7 3 = diag(l, —1) and Db = d b + VL V d\,x v is the pull-back of the generalized covariant 
derivative V v ()2.3()|) to the world-sheet with fl u defined in ()2.37|1 in our background. In 
(J4.1D two fermionic coordinates 9 A=1 ' 2 are lOd Majorana-Weyl spinors. We choose the 
representation of T-matrices such that T° = C, with C being the lOd charge conjugation, 
so the components of 6 A are all real. For more about our convention see Appendix A. 

To fix the world-sheet gauge symmetries, in addition to the bosonic light-cone gauge 
conditions \J—gg ab = i] ab = diag(— 1, 1) and x + = a'p + r, we need to impose 

r+^ = o, (4.2) 

since the fermionic action ()4.1|) has an additional local ^-symmetry. These three conditions 
completely fix the world-sheet gauge symmetries of the fermionic action ()4.1|) . Note 
that due to the gauge condition (j4.2j) only the second term in Q + has non-vanishing 
contributions. After some calculations, the fermionic action in the light-cone gauge can 
be written as 

S F = ^- [dr [\ (6 lT d T 6 l + 6 2T d T 6 2 + O^dJ 1 - 6 2T dJ 2 + 2f e - T 6 1T W 2 ) . (4.3) 

V2 7T J Jo 

Similar to the bosonic case, when / = foe~^, the action reduces to the one in the 
usual plane-wave metric. The quantization procedure follows straightforwardly. In the 
following we focus on the case with constant RR field strength. 
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4.1 Equations of motion and modes expansion 

^From the light-cone action ()4.3|) . it is easy to get the equation of motion of the fermionic 

sector 

(dr + d^e 1 + fe- T m 2 = o , 

( d T - d a ) 6 2 - fe^UO 1 = . (4.4) 

This is a system of two coupled first order equations, from which we can obtain two 
decoupled second order equations as 

{d 2 - dl) e 1 + (dr + d a ) e 1 + f 2 e- 2T 6 l = o , 

(d 2 T - d 2 a ) e 2 + - d„) e 2 + f 2 e- 2r e 2 = o . (4.5) 

Note that the time-dependent dilaton and the nonzero RR field strength play an important 
role. That is, in these two decoupled second order equations, first order differential 
terms appear, which do not exist in neither the maximally supersymmetric plane-wave 
background (2H1 ED E2J due to its time independence, nor in the time-dependent plane- 
wave model studied in [22] because of the absence of the RR fluxes. The solutions of (|4.4|) 



are 1 



9\r,a) = ^(r) + ^[^(r)e- + ^„,(r)e— ] , 

71=1 
OO 

6 2 (r } a) = e 2 (r) + J2[€(r)e- + e\(r)e—} , (4.6) 



with 



and 



71=1 



0o(r) = j— ( fa cos u + n/3 sinu) , 

9 2 (t) = -=(^ cosu-U/3 smu), (4.7) 
V4< 



9l{r) = -±= [p n W n {r) + IT/L n W:(t)) , (4.8) 
9 2 n {r) = -L= (/L n W* n {r) - Uf3 n W n (r)) , (4.9) 



1 Actually 9 A and /3 n , (3 n etc. are all lOd spinors. If we write down the spinor indices explicitly 
then they should be 6^ and f3 na , $na etc. with a — 1, 2, . . . , 32 . Something like (i\ and p\ should be 
understood as p\ a and p\ a . 
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where for simplicity we have defined u = fe T , £ = -7=^ and 



-in 



"»«T> = I I) r(^ + m)7|j_i +m ( M ), (4.10) 



-m 



ir„(r) = [£) r(i + m) A /|ji +i ». (4.11) 



The requirement that 1 ' 2 are real implies 

P-n = &, P-n = Pl, n = 0,±l,±2,... (4.12) 

According to the action (|4.3|) . the canonical momentum conjugate to the fermionic 
coordinates 9^ are defined as (we have written down the spinor indices explicitly) 

7^=iJU0£, A = l,2 and a, (3 = 1, 2, . . . , 32 . (4.13) 

V 2 7T 

To quantize the theory, we impose the standard anticommutation relations 

{9t(r, a) , C(r, a')} = ± <W, <W 5(a - a'), (4.14) 

with the other anticommutators vanishing. These anticommutators are ensured by the 
following relations of the fermionic creation and annihilation operators 

{Pna,Pmp} = {Pna,Prnf3} = 5 a p5 n+rnfi , 71, 777, = 0, ±1, ±2, . . . (4.15) 

with the other anticommutators all becoming zero. Here we have used the formulae 

rd + in)r(£-in) = — £— , (4.16) 

2 2 COSh 717T 

/xt / \ t / \ t / \ 2coshri7r 

+ 4+m(*) J i-m(z) = • ( 4 - 17 ) 

Now let's see whether we can recover the flat-space result when r goes to positive 
infinity. Using the asymptotic expansion (|2.49|) of the Bessel functions , we can see that 
as r — ► +oo , 

ej(r) ~ /3 , 6l{r) ~ -=j= ft . (4.18) 

Therefore, just like the bosonic case, the asymptotic "flatness" behavior is also shared by 
the zero modes. For the oscillating modes, 



-inr 



W n {r) ~ e 

W n (r) ~ 0, (4.19) 
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where the second term vanishes due to the factor e~ T . So, for n ^ , we get the standard 
left and right moving plane wave. But it seems that we have lost half degrees of freedom. 
However this is not the case. Note that at finite r, the constraint of the coupled 1st order 
equations (J4.4j) makes 9 1 and 9 2 not independent. The degrees of freedom are presented 
by (3 and f3. When r goes to positive infinity, 9 1 and 9 2 decouple. Therefore 9 1 and 9 2 
both contribute to the total degrees of freedom which are still denoted by j3 and j3. So we 
are happy to see that we have not lost any degree of freedom when we go to the flat space 
limit. Next we will show that the total number of degree of freedom in the fermionic sector 
is equal to that of the bosonic case. Recall that 9 A are ten dimensional Majorana-Weyl 
fermions with 16 independent real components. The constraint from fixing K-symmetry 
by T + 9 = leaves us with each 9 having 8 independent components. So the total degree 
of freedom is 16, just as in the bosonic case (eight x Ij s with left and right moving modes). 



4.2 Light-cone Hamiltonian 

According to (|4.3|) . the fermionic light-cone Hamiltonian of our model is given by 



2tt 



V27TQ!' Jo 
»2tt 



da ( 9 1T d a 9 l - 9 2T d a 9 2 + 2fe- T 9 L1 W 



1Ttt/)2 



- f n da(9 1T d T 9 1 + 9 2T d T 9 2 ) 
' Jo 



(4.20) 



In the second line we have used the equation of motion (|4.4|) to simplify the expression. 
Inserting the mode expansion of 9 , we rewrite the Hamiltonian in terms of creation and 
annihilation operators as 



1 oo 

Hp = H FQ ( T ) + —J2[ n n(T)(PtPn + PlPn-l) 

71 = 1 



with 



H fo (t) 



2i 



a'p + 



fe- r p m 



-2i 
-2i 



w n d T w: + w n d T w* n 



W n d T W n - W n d T W n 



(4.21) 

(4.22) 
(4.23) 
(4.24) 



Here although the function Q% is formally complex, we can prove that it is not only real 
but also positive definitely (see Appendix B), just as being expected. Now let's see the 
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behavior of functions fi^(r) and C,f (r) at infinite r. Using the asymptotic expansion of 
Bessel functions (|2.49jl . we obtain as r — > +00, 

0j(r)~2n , C£(t)~0. (4.25) 

Therefore we recover the flat space result. Considering the asymptotic expansion of Bessel 
functions ()2.47j) . we get as r — > — 00, 

F 2sinhmr~ _ T 
~ r /e , 

COSh 72 7T 

Cni T ) ~ 2iU y j Qi±M/ e -. (4.26) 

fi^(r) and C£(t) are of the same order in the strongly coupled region. In the following 
we will make the Hamiltonian diagonal. 

Comparing with the diagonalization of the bosonic Hamiltonian, the diagonalization 
of the fermionic Hamiltonian is more tricky. We define a group of new time-dependent 
creation and annihilation operators, B n (r), B n (r) and their conjugate, by the following 
Bogolioubov-type transformation 

B n = cos tp n fa - ie^ sin <p n nft n , B\ = cos y? n $ + j e -*^ s i n n/3„ , (4.27) 
B n = cos <^ n /3 n + ie^ n sin ^ n n/3+ , B\ = cos <^ n 0t - ie~^ n sin <^ n Ii(3 n . (4.28) 

Here <£> n and ip n are real functions of r to be determined by the requirement that the 
fermionic Hamiltonian is diagonal. In ()4.27|) and ()4.28|) they are restricted to n > 1. For 
negative n we define that B_ n = B\ and £?_ n = W n) which implies that y?_ n = — ip n and 
if)- n = —ip n ■ The operators B n , B n defined in this way automatically satisfy the standard 
anticommutative relations 2 

{B na , 5^} = {B na , B m/3 } = 5 nm 5 a/3 , (4.29) 

with the other anticommutators vanishing due to n 2 = 1 and cos 2 ip + sin 2 <p = 1. 

In terms of these new time-dependent creation and annihilation operators the fermionic 
Hamiltonian (J4.3j) can be written as 

1 00 

H F = H F0 (r) + — Y,[^( B n(T) B n(T) + Bl(T)Bn(r)-l 



a'p 

n=l 



+ K(r) B n (r)UB n (r) + K*(r) Bi(r)UBi(T) . (4.30) 



2 In these anticommutators we write down the spinor indices a, (5 explicitly. 
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Here the functions u n , K n are 

1 

2 



Ct>, 



=- Q F n cos 2y? n - - j^Cl sin 2y? n + - e^Cf" sin 2y? r , 



4 -« —4 
# = | e-*^^ sin 2<^ n - ^ cos 2 <^ n - ± e^Cf sin 2 <^ n . 



(4.31) 
(4.32) 



with fl F an d C« defined in ()4.23|) and (|4.24j) . To diagonalize the Hamiltonian we should 
require the coefficient K n of the non-diagonal terms to vanish, i.e. 

% n F sin 2if n = e l ^Cl cos 2 <p n + e^Cf* sin 2 <p n . (4.33) 

We can always choose ip n such that 

e^C F n =i\C F n \ and e^Cf = -i\C F \ , (4.34) 

then we get the expression of the unknown function ip n from ()4.33|) as following 

Mr) = ~ arctan . (4.35) 



Now we have determined the coefficients in the definition 1)4.27)1 (J4.28)) of B n and B n . The 
last step is to calculate the function u n in front of the diagonal terms in ()4.3())) by using 
(HUSH) and l|OS|l . It reads as 



^ n = I [nJcos2^+ |Cj|Biii2^)] = ^(W + I^T 



(4.36) 



By struggling with Bessel functions we get the remarkably nice result (The details have 
been included in Appendix B) 



uj n (r) = u n (r) = \Jn 2 + f 2 e- 2r . 
Then the fermionic part of the Hamiltonian can be diagonalized as 



H F = H fo (t 



1 



n=l 



+ — E ^ 5 n(^)5„(r) + Bt(r)B n (r) - 1 



(4.37) 



(4.38) 



Just like the bosonic case, it also looks like the Hamiltonian of a free 2-d field theory with 
time-dependent mass. 

Taking account of the bosonic sector, the full light-cone Hamiltonian takes the form 



H = H Q {T) + —Y, u -{r)\A{{T)A n {r)+^ n {r)A n {r) 



71=1 



-Bi(r)B n (r) + Bi(r)B n (r) 



(4.39) 



24 



with 



H (t) = H bo (t) + H fo (t) . (4.40) 

We can see that the zero-point energy exactly cancels between the bosons and the fermions. 
Just like the bosonic case, one may define the fermionic spectrum formally, which is also 
time-dependent. From the total Hamiltonian, it is obvious that the spectrum is symmetric 
between the bosonic and fermionic excitations. 

In this and the last section, we have discussed the quantization of the free bosonic 
and fermionic strings in the plane-wave background with a linear null dilaton. In the 
lightcone gauge, the calculation of perturbative string amplitudes is simple formally. In 
the case with constant A, the spectrum is exactly the same as the ones in maximally 
super symmetric plane-wave case, and the perturbative amplitudes in the lightcone gauge 
is also very similar except the overall dependence on the string coupling. The dependence 
on the string coupling shows that the perturbative calculation is ill-defined in the strong 
coupling region. In the case with constant RR field strength, it is more subtle. When 
t — ► — oo, not only the string coupling is very strong, but also the energy of the excitations 
is huge. We wish the perturbative amplitude calculation is still well-defined in the weak 
coupling region. 

5 Quantum string mode creation 

Generically, in a time-dependent background, one may expect the particle or string cre- 
ation occurs from our knowledge of the quantum field theory in curved spacetime. How- 
ever, in a plane-fronted background, due to the existence of null Killing vector, this would 
not happen[30j. Nevertheless, as pointed out in [20J, there does exist the string mode 
creation. This could be easily seen from the time-dependent Hamiltonian we have ob- 
tained above. From the point of view of two-dimensional quantum field theory, we have 
a time- dependent potential, which induces the transition between different modes of the 
string. See also 03 EH E3 ESI • 

Now let us study quantum string mode creation in our background 1)1.1)1 . In general, 
given a pp-wave background with asymptotically flat region at r = +oo, a string starting 
in a certain state at r = +oo evolves back with time and maybe end up in a different 
sate. Equivalently, one may reverse the orientation of time (which is equal to change the 
sigh of c in <fi = —cx + ) and interpret this as an evolution from some excited state to the 
vacuum at r = +oo. The main reason is that the string may interact with the pp-wave 
background to have extra internal excitations. 
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In the following we will consider whether an observer in the "in" vacuum |0}oo at 
r = +00 will see string mode creation. Here the vacuum |0)oo is the Fock space state 
which is annihilated by the operators , defined in (j3.14j) and (3^ , (3^ defined in 
f)4. 14jl . We shall start with the string in jO}^ state at r = +00 and study how this state 
should evolve back to r = — 00. In other words, we will calculate the probability of a 
string state \n,r = —00 > transiting into the vacuum state at r = 00. 

First let us see the expectation value of the "oscillator number" operator that appears 
in the bosonic Hamiltonian ()3.28j) 

ATf(r) oo(0|[^t( r )^(r)+^t (r) i/ (r)] | 0)oo 

= 2dg*(T)g n (T) , (5.1) 

where we have used (13.24)1 and d = 8, the range of index /. Inserting the definition (J3.25)) 
of g n ( T ), we find 



d 



2u r , 



- 1 



(5.2) 



Using the same method, we get the expectation value of the "oscillator number" operator 
in the fermionic Hamiltonian (14..' 



N*(t) 



d 



>(0|[^t(r)^(r)+^t( T )^(r)]|0) c 
2uj n 



Therefore the total number of created oscillator modes is 



(5.3) 



As r 



-00, 



n=l 

00 

n=l 



2uj n 



(5.4) 



K(r)~2n 



2n 



(5.5) 



we can see 



N t (t) ~ . (5.6) 

This is what we want since now A„(t), A n {r) are the same as a^, a ! n and B n (r), B n {r) 
are the same as f3 n , j3 n ; we do not expect to see string modes creation in flat space. As 

T — > —OO, 

2de~ n7T , 2de~ nn 



N n( T ) 



+ e~ 



(5.7) 
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the total number of created oscillator modes is 



oo 



1 



N T (r) = 4dJ2 



— e 



n=l 



0.06 . 



(5.8) 



Therefore there is nearly no string mode creation as r — > — oo. 

Here is an effective way to understand the above result. As pointed out in [20], the 
problem could be restated as a quantum mechanical problem. Let us focus on the bosonic 
sector for brevity. ^From the equation of motion, we know that the T n {r) in (|H.8|) should 
satisfy the equation 



Replacing r by x and T n by if), the above equation takes a form of one-dimensional 
Schrodinger equation for a particle with energy n 2 in a potential —f 2 e~ 2l ~. The problem 
of calculating the number of the creating modes reduces to the problem of calculating 
the reflective amplitude in this one-dimensional system. Here the in-coming wave is a 
plane- wave from the x = oo and there is a very deep well near the x = — oo. Obviously 
the probability of the reflection is very low. This is consistent with the above calculation. 
Note that the large tidal force near the r = — oo is attractive rather than repulsive, 
this makes the difference. In the repulsive case, one has a large potential barrier in the 
corresponding quantum mechanical system, and the reflective amplitude is large so that 
the string mode transition is violent. 

Furthermore, it is remarkable that the linear null dilaton does not affect the discussion 
on the string mode creation. As shown in [2D], the effect of the dilaton in the equation 
of the string evolution is in a form of double derivatives. For the linear dilaton, it has no 
effect on the string evolution. 

6 Concluding remarks 

In this paper, we studied the perturbative string theory in a time-dependent plane-wave 
background with a constant RR field strength and a linear null dilaton. In the light-cone 
gauge, we obtain two-dimensional free massive field theories with time-dependent masses 
in both the bosonic and fermionic sectors. Following the standard canonical quantization, 
we obtained a time-dependent Hamiltonian with vanishing zero-point energy. The spec- 
trum also is time- dependent and symmetric between bosonic and fermionic excitations. 
Finally we investigated the string mode creation in our background and found that it is 
negligible. 




(5.9) 
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It is remarkable that the symmetric spectrum of the bosonic and fermionic excitations 
does not come from the spacetime supersymmetries. As it is well-known, even in the case 
with supernumerary supersymmetries, the excitation spectrum of the bosonic sector and 
fermionic sector is in general different. This is because that the masses of the transverse 
bosons in the action depends on the form of the metric and could be different from each 
other. On the other hand, the fermionic action depends only on the RR field strength in 
the lightcone gauge so that the masses of the fermionic excitations are the same among 
the transverse directions. Therefore the symmetric spectrum found in this paper is from 
the special choice of the metric in (jl.lj) . One may consider the following background 

ds 2 = —2dx + dx" — A/(x + ) x\ dx + dx + + dx 1 dx 1 , 
i 

= 0(x+) , (F 5 ) +1234 = (F 5 )+5678 = V- (6.1) 

Here A/ could be different from each other. The conformal invariance condition requires 
that 

A/ = -20" + 8/ 2 e 2 *. (6.2) 

It is not hard to find that such backgrounds still keep sixteen supersymmetries character- 
ized by the Killing spinor e satisfying T + e = 0. The string theory in these backgrounds 
could be solved exactly in the lightcone gauge, at least for the cases with a constant RR 
field strength or the constant A/. The straightforward calculation shows that the trans- 
verse bosons in the bosonic action, whose form is similar to (|3.6jl . have different masses 
proportional to Xj. Therefore, the bosonic excitations are different from each other. It is 
impossible to have symmetric spectrum between bosonic and fermionic sector any more. 
As a consequence, the zero-point energy cannot be cancelled exactly. 

Our study is just the first step to understand string theory in such backgrounds. As 
we have seen, there exists the cosmo logical singularity at x + = — oo, where the string 
coupling is divergent. This indicates that the perturbative string description breaks down 
and we need other degrees of freedom to describe the physics there. In the strong coupling 
region, the nonperturbative degrees of freedom are essential to describe the physics. In 
the spirit of BFSS conjecture of M-theory|38j. the matrix model, which describe the 
dynamics of the partons, is a natural candidate. There are a few recent papers studying 
the matrix models in various time-dependent backgrounds [TTH ITT) IT^l IT3] . In particular, 
in [121 HH], the 1/2-BPS plane- wave backgrounds of the 11D supergravity have been found 
and the corresponding matrix models have been constructed. It would be very interesting 
to construct the matrix description of IIB backgrounds in this paper. This is under our 
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investigation. Comparing with the cases in J21EI|; one advantage of the backgrounds 
discussed here is that they are solvable. With the perturbative study in this paper, it 
would be illuminating to see how the matrix degrees of freedom at the big bang are frozen 
to those of the perturbative strings in the late time. 
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A Notation 



In this appendix we collect our convention of the lOd Gamma matrices with respect to 
the vierbeins, not to the coordinates. Therefore the Gamma matrices defined here all 
carry hatted indices jl, v etc. They satisfy the standard anticommutators 



where 



{r^n = 2rr, //,* = +,-,!, I 



/ -1 \ 

-10 
\0 Is) 



1,2,... 



(A.1) 



(A.2) 



i.e. (r+) 2 = (r-) 2 = 0, {r+,T-} = -2, {r',r J } = 25 IJ . We also define T° and T 9 by 
r = (r° ± T 9 ) / \/2. We can choose the representation of Gamma matrices as 



V? 


The lOd chiral matrix T is 




s/2 0. 



7 
-7 



7 







(A.3) 



(A.4) 



Here 7 7, s satisfy {7 / ,7 J } = 25 IJ , which is a representation of 5*0(8) Clifford algebra. We 
can choose them as real and symmetric 8x8 matrices. 7 is the chiral matrix of 7 7, s. 
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In our representations we have C = T° with C being the lOd charge conjugation matrix. 
Therefore the components of Majorana spinors in this representation are all real. This 
property renders many things simple. We also define = rj/xuT 11 , so 

r+ = - r~, = - r+, r f = r f . (A.5) 

The fermionic light-cone gauge condition T + 9 A = implies, in this representation, 
that the latter 16 components of the fermionic coordinates 9 A all vanish, i.e. 



9 A = I , A =1,2. (A.6) 




Then the positive lOd chirality T9 A = 6 A implies that = $ A . Since we can choose 
the representation of properly such that 7 = diag(l, —1), so r yd A = $ A is followed by 
the consequence that only the first 8 components of q 9 A ) also 9 A , are nonzero. Therefore 
we end up with two 5*0(8) Majorana-Weyl spinors both in the same chiral representation. 
For more aspects of this representation, see the reference |3*7j . 



B Proof of two propositions 

In this section we give the proof of two claims 



-2i 



w n d T w: + w n o T w: 



is positive definitely. 



(2) (KV + lc, 



An 2 + Au 2 



u = fe-\ 



For convenience we first list some properties of the Bessel function J u (z). The Bessel 
function J v {z) is the solution of following the Bessel equation (about y(z j) 

,,2~ 



1 d 



z dz 



dy 



dz 



—r \*-r_ + y = 0. 



The Bessel function J u (z) has the following relations 



zJv+l 



vJv + ZJ' 



zJ' u . 



; From these two formulae it has 



2u 



2 J' 



Jv—l + Jy+1 j 
Jv-l + Jy+1 ■ 



(B.1) 



(B.2) 
(B.3) 



(B.4) 
(B.5) 
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The Wronskian determinant of J± v (z) is 



W[J U , J-,} = JvJ'_ v - J' V J- V = -^^1 . (B.6) 

TTZ 



By using of ()B.2|) and ()B.6|) we have 

t /xt / \ t / \ t t \ 2C0ShwT 

•J i+in(*) J -i-in( Z ) + J Uin( Z ) J±-in( z ) = — ■ ( B - 7 ) 

A A A A JY 2, 

In general the parameter v and the argument z are both complex numbers. For real 
argument z = u G K we have = J v *{u). 

B.l Proof of (1) 

Firstly we can simplify the expression of as 
F 2z7ra fcosli7?,7r 



= — r \-z + G(u) 

COShn7T iTiU 



2iiru f cosh rnr u 



coshn7r 2nu 2 



J 1 -U„ ( U ) J' 1 ■ (U) + Jl , ,•„ («) J'l • (tt ; 



. (B.8) 



I (/// V J - l 2+^ + I J |+-I 



Here we have used flB.7|) and defined the function G as in the second line. The real part 
of G is 

ReG = X - {G + G*} 

u d 
d% 

- coshmr fB9 ) 

which cancels the first term in the first line of (|B.8|) . Then we have proved that Q F is 
real. Secondly we should show that the remaining part 

n F n = ^—ImG (B.10) 

COSh 7Z7T 

is positive definitely for all u > 0. To do so we consider of the derivative of ImG. It is 
not difficult to get that 

{|J_i +m | 2 + |Ji +m | 2 }>0, for M >0. (B.ll) 

Here we have used the Bessel equation f|B.l|) to eliminate the second derivative terms. The 
limit of ImG as u — ► +oo is < 0, which can be obtained by the standard formulae 
of asymptotic behaviors of Bessel functions. Then ImG is negative definitely. Therefore 
we have prove that although is complex formally, is not only real but also positive 
definitely for all u > 0. 



ImG = — 

du 2u 
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B.2 Proof of (2) 

Here we give the details of the proof of (|4.37jl which states that 



iSl F n f + \C" n \ 2 =An z + Au\ u = fe- T >0. 



(B.12) 



Using the definitions ()4.23|) and (|4.24|l of Q F and it is not difficult to know that 

4nu 2 



F|2 



cosh nil 



(A + B + C) 



with 







2 




A = L{ 


J -i+m(«) 


+ 




8u \ 









B 

C 



1 d 

4 du 

u 
2 





2 






J_l +i „(v) 


+ 




1 



cosh n7r 

47TM 2 ' 
COsh U7T 

2%u 2 







2 






{ 


J' i , (it) 


+ 




'} 




— / 







(B.13) 

(B.14) 
(B.15) 
(B.16) 



For the second equalities of function A and B we have used the identity ()B.7|) . To simplify 
the function C we utilize the formula (IB. 21) and (IB.3I) that 



— | ± in 



| ± m 

Ji± in + J_ 



■it 



and the formula (IB. 71). then we have 



C 



1 + 4n 2 + 4m 2 

47TU 2 



Put all together we have proved what we want, i.e. 

(Q F ) 2 + \C F \ 2 =4n 2 + 4u 2 , u = fe^>0. 
Therefore the zero-point energy really cancels between bosons and fermions. 



(B.17) 
(B.18) 

(B.19) 
(B.20) 
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